If quantum interference patterns in the hearts of polycyclic aromatic hydrocarbons (PAHs) could be isolated and manipulated, then a significant step towards realizing the potential of single-molecule electronics would be achieved. Here we demonstrate experimentally and theoretically that a simple, parameter-free, analytic theory of interference patterns evaluated at the mid-point of the HOMO-LUMO gap (referred to as Mfunctions) correctly predicts conductance ratios of molecules with pyrene, naphthalene, anthracene, anthanthrene or azulene hearts. M-functions provide new design strategies for identifying molecules with phase-coherent logic functions and enhancing the sensitivity of molecular-scale interferometers.
INTRODUCTION
Single-molecule electronic junctions are of interest not only for their potential to deliver logic gates, sensors and memories with ultra-low power requirements and sub-10 nm device footprints, but also for their ability to probe room-temperature quantum properties at a molecular scale. For example, when a single molecule is attached to metallic electrodes, de Broglie waves of electrons entering the molecule from one electrode and leaving through the other form complex interference patterns inside the molecule. [1] [2] [3] Nowadays there is intense interest in utilising these patterns in the optimisation of single-molecule device performance. Indeed, electrons passing through single molecules have been demonstrated to remain phase coherent, even at room temperature [3] [4] [5] and a series of theoretical and experimental studies have shown that their room-temperature electrical conductance is influenced by quantum interference (QI). [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] In practice, the task of identifying and harnessing quantum effects is hampered, because transport properties are strongly affected by the method used to anchor single molecules to electrodes [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . This makes it difficult to identify simple design rules for optimising the electronic properties of single molecules. Furthermore few analytic formulae are available, which means that pre-screening of molecules often requires expensive numerical simulations. In what follows, our aim is to introduce a new concept for elucidating QI patterns within the hearts of molecules, caused by electrons entering the molecule with energies E near the mid-point of the HOMO-LUMO (H-L) gap. We refer to these mid-gap interference patterns as M-functions. The approach is intuitive and leads to a simple, parameter-free, analytical description of molecules with polycyclic aromatic hydrocarbon (PAH) cores, which agrees with experiment to an accuracy comparable with ab initio calculations.
A typical single-molecule junction involves metallic electrodes, connected via linker groups to the heart (ie core) of the molecule. Fig. 1 shows two such molecules, with a common pyrene-based heart, connected by acetylene linkers to gold electrodes. Such PAHs are attractive for molecular electronics, [31] [32] [33] [34] [35] because they are defect free and provide model systems for electron transport in graphene, treated as an infinite alternant PAH. 36, 37 As part of our demonstration of the utility of Mfunctions, we present mechanically-controlled break-junction (MCBJ) measurements of the electrical conductance of these molecules. P1 and P2 are examples of molecules with identical hearts, but different connectivities. P1 is connected to acetylene linker groups at positions labelled 2 and 9, whereas P2 is connected at positions 3 and 10. and a filled HOMO, the mid-gap energy E HL =0 lies at the centre of the spectrum and the mid-gap interference patterns obey simple rules 3 . More generally, mid-gap transport involves interference at finite E HL , and therefore in what follows, we generalise these rules to encompass interference patterns at all energies within the gap. As shown below, this distinction is particularly important for non-symmetric molecules such as azulene, for which conventional rules for quantum interference break down 38 . When E is close to E H or E L (ie E M =±1) a Breit-Wigner description based on a HOMO or a LUMO resonance is relevant, and therefore one might be tempted to suppose that near the mid-gap, a description based on a superposition of HOMO and LUMO levels would suffice. Such a description would not be accurate, because at E M =0, states such as HOMO-1, LUMO+1, etc make comparable contributions. From the viewpoint of mid-gap quantum transport, such resonances are a distraction and therefore M-functions are defined such that these irrelevancies are removed.
ANALYTIC FORMULAE FOR M-FUNCTIONS
Mathematically we define ‫ܯ‬ , ሺ‫ܧ‬ሻ ൌ ‫ܩ‪ሻ‬ܧ‪ሺ‬ܦ‬ , ሺ‫ܧ‬ሻ, where ‫ܩ‬ , ሺ‫ܧ‬ሻ is the i,jth element of the Green's function ‫ܩ‬ሺ‫ܧ‬ሻ ൌ ሺ‫ܧ‬ െ ‫ܪ‬ሻ ିଵ of the Hamiltonian H describing the isolated core and ‫ܦ‬ሺ‫ܧ‬ሻ is a function chosen to cancel divergencies of ‫ܩ‬ሺ‫ܧ‬ሻ, which arise when E coincides with an eigenvalue of H. In the absence of degeneracies, it is convenient to choose ‫ܦ‬ሺ‫ܧ‬ሻ to be proportional to the determinant of (E-H). (See SI for more details, along with a list of M-function properties.)
In what follows we shall construct an intuitive description of mid-gap transport, which in its simplest form is parameter-free and describes how connectivity alone can be used to predict the interference patterns created by electrons of energy E HL passing through the heart of PAHs. When linker groups, which are weakly coupled to orbitals i and j, are in contact with metallic electrodes whose Fermi energy E F lies at the mid-gap E HL , the resulting (low-temperature) electrical conductance σ i,j is proportional to [M i,j (E HL )] 2 . 1,3 Therefore the ratio of two such conductances (associated with links i and j or l and m) is given by the mid-gap ratio rule (MRR):
In what follows, we report MCBJ measurements of the conductances of molecules P1 and P2 and show that their statisticallymost-probable conductances obey the MRR. We also demon- In general, M-functions depend on the parameters describing the underlying Hamiltonian H of the core. However, for the purpose of calculating the contribution to interference patterns from π-orbitals, graphene-like cores can be represented by lattices of identical sites with identical couplings, whose Hamiltonian H is simply proportional to a parameter-free connectivity matrix C. In this case, for electrons of energy E entering the core at site i and exiting at site j, the M-function M ij (E) is also parameter-free and depends on connectivity alone. 
‫ܯ‬ ሺ‫ܧ‬ሻ ൌ cos ݇ሺ|݆ െ ݅| െ ܰ/2ሻ
(2)
where ݇ሺ‫ܧ‬ሻ ൌ ‫ݏܿ‬ ିଵ ሾെ‫ߛ2/ܧ‬ሿ . Without loss of generality, the parameter ߛ will be set to unity, because it cancels in the MRR, yielding a parameter-free theory. In this case, E H = -1 , E L = 1, 
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This means that interference patterns at energies ‫ܧ‬ in the vicinity of the mid-gap can be generated solely from the mid-gap interference patterns ‫ܯ‬ ሺ‫ܧ‬ ு ሻ.
Equation (2) (3) should be used. 
EXPERIMENTAL AND DFT RESULTS FOR PYRENE
We now verify the above MRR prediction by measuring the electrical conductances of pyrene cores with TMS-protected (TMS = trimethylsilyl) acetylene groups at different positions, P1 39 and P2 40 using the MCBJ technique. 41 The repeating open- This molecule is a challenge, because well-known bond counting rules for predicting QI 45, 46 have been shown to break down in azulene cores 38 Table 1 shows a comparison between MRR and experiment, and demonstrates good agreement between the experiment and our parameter free mid-gap MRR. For example, the ratio between connectivity 4,9 and 8,10 of azulene is measured to be 1, whereas the GW calculation 38 and our DFT-NEGF calculation yields a ratio of 0.32 and 0.93 respectively. These predictions were obtained by treating the Fermi energy as a free parameter and adjusting it to yield the closest agreement with experiment. For example, in the GW calculations, the Fermi energy is chosen to be far from the GW predicted Fermi energy (-1.5eV). In contrast, our parameter free MRR, which has no such freedom, predicts a ratio of 0.72, in much better agreement with the experiment. For completeness, Table 1 also shows excellent agreement between the parameter free Page 5 of 11 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60   6 mid-gap MRR and existing experimental values for naphthalene 15 , anthracene 15 , and anthanthrene 2 . 
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The fact that the MRR agrees with experiment suggests that in all of the above measurements, ‫ܧ‬ ி is close to the mid-gap. 
PHASE-COHERENT INTERFEROMETERS AND
LOGIC GATES
The MRR is derived under the assumption that transport through a molecule is phase coherent and since the agreement in Table 1 between theory and experiment suggests that this assumption is correct, it is natural utilise M-tables in the design of devices with more complex connectivities. In what follows, we examine theoretical concepts underpinning phasecoherent logic gates and transport through three-terminal devices, which illustrate the significance of the signs of the M- 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 8 such as azulene. Despite the simplicity of this parameter-free theory, quantitative agreement with experiment and with density functional and many-body GW calculations was obtained.
One of the reasons for this agreement is that the MRR is independent of the energy gap of the molecules. Therefore even though a nearest-neighbour tight binding model may not be capable of describing the band gap for some large PAHs,
where hydrogen-induced edge distortion is important (see for instance 47 ), conductance ratios are correctly predicted. 
Computational Methods
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DFT-NEGF Transport calculation:
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